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Turbulent Channel and Couette Flows
Using an Anisotropic /r-e Model

Shoiti Nisizima* and Akira Yoshizawaf
University of Tokyo, Tokyo, Japan

Turbulent channel and Couette flows are studied numerically by using an anisotropic A>e model. A feature of
this model lies in an anisotropic expression for the Reynolds stress and the deviation of the Reynolds stress from
an isotropic eddy-viscosity representation is incorporated. Only one kind of wall damping function is introduced to
impose the no-slip boundary condition on solid walls. The results obtained show that turbulence quantities of
channel and Couette flows are in good agreement with experimental data and numerical results from large-eddy
simulation. The anisotropy of turbulent intensities, which the usual A:-e model cannot predict, is well reproduced.

I. Introduction

WITH the recent advance of computers, the numerical
study of fluid motions has made much progress. For

example, we may examine numerically flows at high Reynolds
numbers and the transition of laminar flows to turbulence.
However, the direct simulation of turbulent flows appearing in
engineering and natural sciences cannot be carried out by
even the largest existing computers. This fact is entirely due to
the number of scales contained in turbulent flows. Therefore,
some turbulence models are indispensable for their numerical
simulation.

As representative turbulence models, there exist the large-
eddy simulation (LES),1"6 stress, and k-t models.7"12 In en-
gineering problems, the k-t model based on an isotropic
eddy-viscosity representation for the Reynolds stress is widely
used, mainly due to short computing times and the simplicity
of model. Recently, this model has been improved to treat the
flow in the vicinity of solid walls by using wall damping
functions.13"17 However, owing to the intrinsic isotropic prop-
erty of the k-t model, the anisotropy of turbulent intensities
may not be predicted accurately.

In order to overcome the difficulties of the k-t model,
various types of stress models have been developed. In those
models, no use is made of an eddy-viscosity representation for
the Reynolds stress. Therefore, the stress models can predict
the strong anisotropy of turbulent intensities in the wall
turbulence. In the treatment of flows with three-dimensional
mean flows, however, the number of flow quantities in the
stress models increases significantly compared with the k-t
model.

With the advent of supercomputers, LES is becoming a very
promising simulation method for turbulent flows. The LES
model is generally simpler than the other two types of models
and is expected to be more universal. However, LES requires
much finer grid resolution and much longer computing times
than the stress or A:-e models. Therefore, stress and k-t
models based on the Reynolds-averaging procedure are still
very important in engineering sciences.

On comparing models the A>€ model is suited for the
analytical investigation of modeling by means of statistical
theories such as the direct-interaction approximation (DIA).18

In fact, one of the authors developed a multiscale DIA
theory19'20 for turbulent shear flows and applied it to an
investigation of k-t and LES model types. As a result, there
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appears to be a possibility that the standard isotropic k-t
model may be much improved with the aid of turbulence
theories.

In this paper, we propose an anisotropic k-e model based
on statistical results. A main feature of this model is the use of
an anisotropic expression19 for the Reynolds stress. In order to
impose the no-slip condition on solid walls, only one kind of
wall damping function is introduced. This anisotropic model
is applied to turbulent channel and Couette flows. Compari-
son of the present results with experimental data and other
numerical results using LES shows good agreement even in
the vicinity of walls. The anisotropy of turbulent intensities,
which the usual isotropic k-e. model cannot predict, is well
reproduced.

II. Standard Isotropic k-e Model
In what follows, the ensemble mean parts of the velocity

and the pressure divided by fluid density are denoted by v and
p, respectively, and their fluctuations by v' and p', respec-
tively. Then, the mean equations for three-dimensional incom-
pressible flows are given by

DiL __
dt

JL

(1)

(2)

where v is the kinematic viscosity, Rap the Reynolds stress
defined as

^aj8 = ~(VaVp) (3)

by using the ensemble mean { ), and repeated roman sub-
scripts are summed from 1 to 3 (for clarity, Greek letters are
used for noncontracted subscripts).

In the standard isotropic k-t model,11 Rap is approximated
by using the eddy viscosity ve as

(4)

where k is the turbulent kinetic energy, 8a» the Kronecker
delta symbol, and eap the velocity strain denned by

(5)
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From dimensional analysis, ve is written as

(6)

in terms of k and the dissipation rate e of the turbulent
kinetic energy (Cv is a model constant). The governing equa-
tions for k and e are modeled in the form that

D*=/U^_£+J_(Q*!^L+JJM (7)
LJl uX,, OX,. \ € OX~ OX,, I

-
Df ~ 2

k2 de

(8)

where Q, Cel, etc., are model constants. Thus, Eqs. (1), (2),
and (4-8) constitute a closed system of equations. The model
constants are usually chosen as11

Cv - 0.09, Ck - 0.09, Q ~ 0.13, Q2 ~ 1.9, Ce3 - 0.069 (9)

The modeling of the k-t type shown above cannot be
applied to analyses in the vicinity of solid walls. Recently,
many devices for imposing the no-slip boundary condition on
the walls have been developed to resolve this difficulty. As
such representatives, we may mention the introduction of
some kinds of wall damping functions into the modeling-re-
lated terms in Eqs. (1), (7), and (8).13"17 Similar devices are
also made in LES of channel flows.4'6

III. Anisotropic &-e Model
Equation (4) for Rap cannot predict the anisotropy of

turbulent intensities. For example, in the turbulent channel
flows examined in this paper (Fig. la), we have

dv-1 dvi , .
^2 = ^3 = 0, ^-jL = -n-1=0 (10)z J oxl ox3 ^ '

Consequently, Eq. (4) leads to the isotropy of turbulent inten-
sities; namely, we have

This fact contradicts the experimental data.
Recently, a more elaborate expression for Rap has been

found statistically by using a multiscale DIA theory.19 It may
be expressed in the form

dva

1 TT -L

where ve has been given by Eq. (6) and

dvtt
dxa

(12)

(13)

(14)

1 / dva dva
dx,, dxK

+ dxa dxa

dv
dxB

3

L-i (17)

and Crm (m — 1,2,3) are model constants. The first two terms
on the right-hand side of Eq. (12) give the familiar isotropic
eddy-viscosity representation. On the other hand, the third
and fourth terms are crucially important in expressing the
anisotropy of Rap. In reality, the turbulent intensities in
channel flows are given as

(18)

(19)

-2 £H (2°)
which leads to the anisotropy of the turbulent intensities
encountered in channel flows. It should be noted here that one
model constant (Cr2) does not appear in one-dimensional
channel and Couette flows. Two other constants (CTl and Cr3)
are chosen so that the computed results reproduce the ob-
served anisotropy of the turbulent intensities in channel flow
as accurately as possible. We adopt

CTl=0.07, CT3= -0.015 (21)

in the present paper. Optimization of the remaining constant
Cr2 is left for future work.

Here, we should note that those anisotropic terms do not
contribute to the shear stress in the case of one-dimensional
channel and Couette flows. In reality, we have

dv. (22)

Therefore, the mean velocity vl9 the turbulent kinetic energy
k, and the energy dissipation rate € are not influenced by such
anisotropy.

In what follows, Eq. (12) with Eq. (13-17) and (21) is
incorporated into the k-e. modeling. Hereafter, we call this
model the anisotropic A>e model.

IV. Numerical Method in Channel Flows
Fundamental Equations

In the fully developed channel flows depicted in Fig. la, we
have

dp_ : const, dp dp = (23)

We nondimensionalize ;c2, vl9 k, and € by using the char-
acteristic (or equivalently, friction) velocity ]]-(dp/dx^ D
and the half-width of channel D. Then, the fundamental
equations (1), (7), and (8) are reduced to

dvl

~dT
k2 d^

'' e dx~> Rdx2

(16) ^ = C^(^1 -«+£ d



416 S. NISIZIMA AND A. YOSHIZAWA AIAA JOURNAL

dt dx2 <3 e dx2 R dx2

x 2 = D W A L L

(26)

where the Reynolds number R is defined by

In what follows, we shall also use another Reynolds number
Rc based on the centerline velocity and the half-width of the
channel.

Neither the isotropic eddy-viscosity representation [Eqs. (4)
and !(6)] nor the present anisotropic one [Eqs. (12-17)] holds in
the close vicinity of solid walls, where the effect of viscosity v
plays an essential role. As in a number of previous works,13"17

we also introduce a wall damping function to remove the
difficulty. At this time, it is desirable to make the number of
wall damping functions as small as possible. In the present
work, we use only one wall damping function given by

fd — l — exp( — y+/A), A = 5.2 (28)

where y+ is the distance from a wall in wall units.
By multiplying the modeling-related terms in Eqs. (24-26)

by/, of Eq. (28), we get

dt e dx2 R dx2

0.0 X ,

( 3 )

X ? = D

U A L L

M O V I N G N A L L

(b) W A L L
Fig. 1 Coordinate system: a) channel flow ( y + denotes the distance
from the wall in wall units); b) Couette flow.

dt

dt

k2

'T
dk
dxi

_!_ dk

R

R dx2 t

(30)

(31)

Especially, we should note the second term on the right-hand
side of Eq. (31), where f% is used. This multiplication is due
to the fact that the corresponding term in Eq. (26) diverges in
the form of (y+)~2 near the walls since k is proportional to
(y+)2 there.

Finite-Difference Form and Boundary Conditions
On reducing Eqs. (29-31) to a finite-difference form, we

adopt the second-order finite-difference form5

\dx

(32)

dx2
0/-i

(33)

concerning the spatial derivatives, where / denotes the loca-
tion of the /th mesh point. On the other hand, the time

derivative is approximated by using an implicit scheme of the
Crank-Nicolson type. Namely, the time derivative

dt
is rewritten as

where r is the time interval and n the nth time step.
The boundary conditions on the walls are

_ , „ 1 d2k

(34)

(35)

(36)

Here, the last condition is found by using Eq. (30) on the
walls. Since this condition is written in the form of the second
spatial derivative, it often generates numerical instability. The
condition is usually replaced by940

(37)Rdx2

since k is proportional to the square of distance from the
walls.

The mesh points between two walls are given by

x2 = tanh(r)( -3.1 < Y< 3.1 for R = 600 or Rc = 12,704;

-3.5 < Y< 3.5 for R = 1400 or Rc = 32,637) (38)

with Y divided into TV mesh points in equal distance. In the
present paper, we choose N = 61. In this grid resolution, three
mesh points lie in the so-called viscous layer (y+ ^ 5) and
more than half of the mesh points fall in the region y+ <; 100.
This choice of grid resolution has been made from the follow-
ing requirement necessary to perform an accurate simulation:
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1) the number of grid points should be large enough to resolve
the rapid spatial change of flow quantities in the region
0 <>y+ ̂  100 and 2) grid points should not be located too
sparsely in the centerline region. From this requirement, the
choice of N = 31 is not sufficient, which was also confirmed in
the actual simulation. For N greater than 61, the results
obtained were grid independent.

In this work, we simulate only half of the channel region
owing to flow symmetry. Concerning the model constants Q,
C€l, Q2, and C€3, we adopt the same values as in Eq. (9) of
the standard k-e model. For Q, however, we use the some-
what larger value of

Cv = 0.094 (39)

V. Application to Couette Flow
We further apply the present anisotropic k-e model to

turbulent Couette flow (Fig. Ib) with no change in the model
constants or the wall damping function. In this case, we
nondimensionalize vl by the velocity Vw of a moving wall and
x2 by the half-width of channel D. Noticing that p = const,
Eq. (29) is replaced by

where the Reynolds number Rw is defined as

(41)

The remaining two equations (30) and (31) for k and e are
unchanged, apart from R being replaced by Rw. Further, the
wall coordinate y+ is given by

y+ = x2v*/v (42)

by using the distance x2 from the wall and the friction
velocity v*9 which is calculated from

dvl

2 / wall

The boundary conditions are

*-0,

(43)

(44)

on the moving wall and the first part of Eq. (44) is replaced by

Sx-0 (45)

on the wall at rest. The mesh points are given by

;c2 = tanh(y)(-3.0< Y< +3.0) (46)

with Y divided into 61 grid points in equal distance, as was
done in Sec. IV.

VI. Results and Discussions
Channel Flows

The present anisotropic k-e model has been applied to two
channel flows at R = 600 (Rc = 12,704). and R = 1400 (Rc =
32,637). Figures 2-8 show the results obtained as well as the
comparison with representative experimental data13'21"23 and
LES results.4

In Fig. 2, the profile of v\ is in excellent agreement
withexperimental data by Laufer.21 Especially, the so-called
log-law profile is well reproduced near the walls. Figure 3
exhibits the turbulent kinetic energy k. In order to investigate
the structure of k in more detail, let us see the anisotropy of
three turbulent intensities. Each of these intensities is given by
Figs. 4-6. Our results show that the intensity in the streamwise
direction is smaller than the corresponding data by Clark22

25. CU

12. 5 _

6 - 0 °

25. 0^

12- 5_

0. 0
100 1000

(b)
Fig. 2 Mean velocity in channel flow — computed at Rc = 32,637
and -e- at Rc = 12,704 vs experimental data of a) * Laufer21 at
Rc = 30,800 and b) X log-law velocity profile [(log>;+)/0.4 + 5.5]
and = linear velocity profile ( y +).

0. 0
100

Fig. 3 Turbulent kinetic energy k in channel flow — computed at
Rc = 32,637 and 0 at R c= 12,704 vs experimental data of O
Clark22 at Rc = 15,200, of a) * Laufer21 at Rc = 12,300, and of b) 0
Patel et al.13 (the average of various data around Rc = 10,000).
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100

Fig. 4 (t/it/j)* in channel flow — computed at Rc = 32,637, 0 at
/?c = 12,704, and by + isotropic k-t model (at Rc = 32,637) vs experi-
mental data of * Laufer21 at Rc = 12,300, A Kreplin and Eckelmann23

at flc = 3850, O Clark22 at /?c= 15,200, and D Moin and Kirn4 at
# c= 13,800.

2. 0

1/2

1. 0

o. o

2 . 0 ^

1. 0

o. o

1 1 1 !
0

( a )

10
( b )

100

Fig. 6 (t^t^)2 in channel flow — computed at Rc = 32,637, 0 at
Rc= 12,704, and by + isotropic A>e model (/?c = 32,637) vs experi-
mental data of A Kreplin and Eckelmann23 at Rc = 3850, O Clark22 at
Rc= 15,200, D Moin and Kirn4 at Rc= 13,800, and * Laufer21 at
Rc= 12,300.

100

Fig. 5 (t£i£)2 in channel flow — computed at Rc = 32,637, 0 at
Rc = 12,704, and by + isotropic k-t model (at Rc = 32,637) vs experi-
mental data of A Kreplin and Eckelmann23 at Rc = 3850, O Clark22 at
/?c= 15,200, D Moin and Kirn4 at Rc= 13,800, * Laufer21 at Rc =
12,300.
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i . o
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0. 0

( a )

10
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Fig. 7 Reynolds stress — (t/i«i) in channel flow — computed at
Rc = 32,637 and at & Rc= 12,704 vs experimental data of a) *
Laufer21 at Rc = 30,800 and b) 0 Patel et al.13 (the average of various
data around Rc = 10,000).
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and Kreplin and Eckelmann23 (we should be careful about
low Reynolds number effects in Kreplin and Eckelmann's
data since their Reynolds number is rather small). This trend
may be also seen in the LES results by Moin and Kim.4
However, the overall agreement with those experimental re-
sults and the LES results by Moin and Kim is very good.
Here, we should note that the anisotropy discussed here
cannot be predicted at all by using the -standard k-t model.

Figure 7 shows the Reynolds stress; its linearity except in
the close vicinity of walls is well reproduced. Figure 8 gives
the dissipation rate € near the wall.
Couette Flow

We next apply the present model to the Couette flow at
Reynolds number Rw = 14,000 [Eq. (41)] with no change in
the model constants and the wall damping function.

Figure 9 shows the mean velocity profile. Near the wall, the
computed velocity profile is approximated by both linear
profile and the log-law profile

(47)

The constant A is usually chosen as 5.5 in channel flow, but
the value is a little smaller in the present result for Couette
flow. A reliable experimental value of A has not been ob-
tained so far. The overall agreement of the present results with
experiments by Robertson and Johnson24 at Rw = 14,100 is
satisfactory.

Figure 10 gives the Reynolds stress, which agrees well with
a theoretical prediction by Pai25 for very large Rw. Figures 11
and 12 show the streamwise intensity and anisotropy in three
directions, respectively. The computed streamwise intensity is
close to experimental data of Robertson and Johnson,24 ex-
cept near the walls. Concerning the anisotropy shown in Fig.
12, no experimental data to be compared with are available at
present. On comparing Fig. 12 with Figs 4-6, we immediately
notice the prominent spatial uniformity of the turbulent inten-
sities in Couette flow.

As an interesting numerical study of Couette flows, we may
mention the work of Kobayashi and Kano26 using LES. Their
result for the mean velocity agrees well with Robertson and
Johnson's data,24 but the streamwise turbulent intensity is a
little smaller than the experimental data and our present
result.

0. 4 ,_

0. 2 _

0. 0

1. 000

100

Fig. 8 Dissipation rate € in channel flow — computed at Rc = 32,637
and 0 at Rc = 12,704 vs experimental data of 0 Patel et al.13 (the
average of various data around Rc = 10,000); X l/(QAy +).

u'u"

- 1 . 0 0 0

Fig. 10 Reynolds stress in Couette flow — computed at R w = 14,000
vs 0 Pai's theoretical prediction25 at very large Rw.

0. 0
1000

Fig. 9 Mean velocity in Couette flow — computed at R w = 14,000 vs
experimental data of * Robertson and Johnson24 at R w = 14,100 and
X log-law profile [(logj+)/0.4 + 5.5] and + linear velocity profile
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1. 500

4

: I

* *
1 — 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 I I IHOf ĉ

1 1 1 1 1 1 1 1 :0. 0
-1 0

( a )
3. 0 ,_

0. 0
100

Fig. 11 (v\v\)2/v* in Couette flow — computed at Rw= 14,000
and with + isotropic A>e model vs experimental data of * Robertson
and Johnson24 at R w = 14,100.
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Fig. 12 Three computed turbulent intensities in Couette flow: O
*» A (*£«£>*/»* vs + isotropic £-e model.

VII. Conclusion
In this paper, we have proposed an anisotropic k-t model

for the calculation of channel and Couette flows. The com-
puted results compare satisfactorily with experimental and
other numerical results. In particular, the anisotropy, which
cannot be obtained by the standard k-i model, is well repro-
duced. This improvement in the prediction of anisotropy
opens up the possibility of calculating secondary flows in
ducts that cannot be predicted by the standard k-c model.
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